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Abstract 



Let G be the group of rational points of a general linear group over 
a non-archimedean local field F. We show that certain representations 
of open, compact-mod-centre subgroups of G, (the maximal simple 
types of Bushnell and Kutzko) can be realized as concrete spaces. 
In the level zero case our result is essentially due to Gel'fand. This 
allows us, for a supercuspidal representation vr of G, to compute a 
distinguished matrix coefficient of vr. By integrating, we obtain an 
explicit Whittaker function for tt. We use this to compute the e- 
factor of pairs, for supercuspidal representations tti, 7r2 of G, when tti 
and the contragredient of 1^2 differ only at the 'tame level' (more 
precisely, tti and 7^2 contain the same simple character). We do this 
by computing both sides of the functional equation defining the epsilon 
factor, using the definition of Jacquet, Piatetskii-Shapiro, Shalika. We 
also investigate the behaviour of the e-factor under twisting of tti by 
tamely ramified quasi-characters. Our results generalise the special 
case TTi = 7^2 totally wildly ramified, due to Bushnell and Henniart. 
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Introduction 



Let F be a non-archimedean local field and fix an additive character ipp of F, 
with conductor pp (the maximal ideal of the ring of integers Op of F). Let V 
be an A^-dimensional F- vector space and let G = Autir(V). This paper 
concerns the supercuspidal representations of G, so we adopt the notation 
of 1^, where these are classified in terms of maximal simple types (0§6). 

A maximal simple type is a pair (J, A), consisting of a (rather special) com- 
pact open subgroup J of G and an irreducible representation A of J. It is 
constructed from a simple stratum [21, n, 0,/?], where 21 is a principal hered- 
itary o^-order in A and (3 E A satisfy various properties (see (1.5.5) for 
the full definition). The algebra E = F[(3] is a field, and E^ normalises J. 
If we set J = E^J and let A be a representation of J such that A|j = A, 
then c-Indj A is an irreducible supercuspidal representation of G. Conversely, 
any irreducible supercuspidal representation of G arises this way. 

It follows from the fact that c-Indj A has a Whittaker model, that there exist 
a maximal unipotent subgroup U of G and a non-degenerate character ip^ 
of U such that Hom^nj(^a5A) ^ 0. Moreover, the uniqueness of the Whit- 
taker model implies that the pair (U,ipa) is determined up to conjugation 
by J (see [|). 

Associated to the maximal simple type, we have two other groups C C 
J (see 0]§3.1). They are normal subgroups of J and \\h^ is a multiple of a 
simple character 9. Hence, ipaWnH^ = ^\unH^ and we may define a character 
^ of {JnU)H\ by 

Let C Vi C ■ ■ ■ C V/v = be the maximal flag corresponding to U, and 
set = {g E G : {g — 1)V C V^-i}, so that Ml is a. mirabolic subgroup 
of G. Our first main result, in is 

Theorem A. Let U be a maximal unipotent subgroup of G and let ip^ be a 
non- degenerate character of U such thatiiomuf^j^ipa, A) ^ 0. T/ien A|(;vjp|j)ji 
is irreducible and 

A|(A4nJ)Ji = ind^^^j^^i v|/. 

Moreover, the same result holds if we replace: J by .^(21), the G-normaliser 
o/2t; A byp = Indf A; and {Mn3)J^ by {M Ci K{^))V\Ql) , where V\Ql) 
is the group of principal units o/2t. 
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We show in §^ that this property in fact characterises the representations 
of the form Indj^^^ A. More precisely, writing A^a = {-M. fl ^(2t))U^(2l) we 
have 

Proposition B. Let t be a representation o/^(2t) such that 
Then 

T = Indf ^) A', 

for some representation A' of J , such that (J, A'|j) is a maximal simple type 
containing 9. 

This is an analogue of Gel'fand's characterisation of the cuspidal representa- 
tions of GLjv(Fg). 

Before continuing with the applications of Theorem 0, we will say a few 
words about its proof. The strategy is as follows: We first construct a special 
pair {U, ipa), such that Hom(7nj(V'«, A) 7^ 0, by carefully picking a basis of V, 
and then letting U be the group of upper-triangular matrices with respect 
to this basis, and ipa be the 'standard' nondegenerate character. The choice 
of basis is made so that we can control the restriction of ipa to U (1 , 
where B is the centraliser of (3. We then prove Theorem ^ for this particular 
pair (Ujipa)- The general case follows from the fact that any other such 
pair (f/', ipa') is conjugate to our particular choice by some g E 3. 

We remark also that Theorem ^ should follow easily from |^ Theorem 2.9, 
but there are problems with the proof of that result: the unipotent group U 
used in the proof is not (in general) the group required by the statement of 
the Theorem; moreover, there is a gap in the proof of Lemma 2.10 which, 
so far as we know, nobody has been able to fix. In the course of the proof of 
Theorem ^ we end up proving an analogue of Theorem 2.9, see Theorem 



0| . We get around the problem of 0] Lemma 2.10 by using the case when E 
is maximal in A as a 'black box'. If |0| Lemma 2.10 were true then the basis 
of V referred to above could be written explicitly in terms of (3 and some of 
our proofs would simplify. 

The interest in Theorem ^ is that, since Ker A is of finite index in J, it 
allows us to apply a very general Theorem of Alperin and James for finite 
groups. Following |jl|, we define the Bessel function J7a of A by 

«G(c/nJ)Jf"VU"+M2i) 
where Q = {{Ur]3)H^ : U"+i(2l)). Now, M implies: 
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Theorem C. Let S be the space of functions f : {Ai fl J)J^ —>■ C, such that 



f{ug) = m{u)f{g), Wue{Un3)H\ \/ge{Mn3)J\ 
and, for all g E 3 , let L{g) G Endc(5) he the operator: 

[L{g)f]{m) = Jj^{mgmi)f{m^^), 

miG(A1nJ)Ji/({/nJ)_H'i 

Then L defines a representation of 3 on S, which is isomorphic to A. 

The analogous result for GLAr(Fq) (or, equivalently, for level zero supercus- 
pidal representations of G) was first observed by Gel'fand 0. 

Now we proceed as in §3 and construct a Wliittaker function for vr = 
c-Indj A. However, the observation that A can be realised via Bessel func- 
tions results in explicit formulae and extra information about this Whittaker 
function. Our main result concerning Whittaker functions (see § p.2[ ) is as 
follows: 

Theorem D. Define W G Ind^ipa by SuppW C U3 and 

W{ug)=Mu)JA{9), yueU, V(7GJ, 

then W is a Whittaker function for n = c-Indj A. Moreover, (SuppW) fl 
M = U{H^nM) and 



It is the second part of Theorem that really requires Theorem ^ and the 
explicit realization in terms of Bessel functions. The first part of Theorem 
has also been obtained by Roberto Johnson in the special case when tt is 
a Carayol representation. 

Finally, in §0 we use our Whittaker functions to compute e-factors of pairs 
in the following situation. We fix a simple stratum as above and con- 
sider two supercuspidal representations tti = c-Indj Ai and tt2 = c-Indj A2, 
such that Ai|j:/i and A2I//1 are multiples of the same simple character 9. 
Then, for i = 1,2, we can write Aj|j = n ® (Ji, where k is a /5-extension 
(see (5.2.1)) and a", is the lift of a cuspidal representation of J / = 
GLr(t£;), where Ie is the residue field of E and r = dmiE{V). 

One may show that, for i = 1,2, we have Aj = k ^ Hi, where k and Sj are 
representations of J which restrict to k and CTj respectively. Moreover, we 
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may think of Sj as a representation of ^(21) fl = GLr{oE) (where, 
we recall, B is the centraliser of E). We set Xj = c-Ind^^^) S^; then Tj is a 
supercuspidal level zero representation of i?^ = GLr{E). 

In Theorem we relate e{7i x tt2, s, ipp) and eiji x f2, s, ■?/'£;), where ipE is 
an additive character of E with conductor p^; which extends ipp- We obtain: 

Theorem E. 

where: ( = ti;T-2(— l)'"~"'^^^7r2(~l)^^^/ q = qp is the cardinality oftp; vp is the 
additive valuation on E with image Z; and v = ulOjippjipE) ^ /{I + p^;) 
is an invariant which we define in §|^. 

We prove this by computing both sides of the functional equation for the 
epsilon factor, using the definition of Jacquet, Piatetskii-Shapiro, Shalika 0, 
with the Whittaker functions of Theorem 0. We are able to do the calculation 
because the fact that the operator L in Theorem y defines a group action 
imposes various identities on the Bessel function J7a. 

Theorem |^ implies: 

Corollary F. Let x '■ ^ be a tamely ramified quasi- character and 
put xe = X° ^p/p; then 

£(7rix X 7r2, s, , _r2 e(riXi? x f2, s, 

e{7li X 712,3, 'ipF) e{ri X T2,S,tpE) 

where v = i'{9e,iPf,iPe) ■ 

We recover a result of Bushnell and Henniart |^, concerning the effect 
on e{n x vr, s, iPf) of twisting vr by tamely ramified quasi-characters, when tt 
is totally wildly ramified, as a special case of the above Corollary. Moreover, 
we show in § |6.1| that the invariant u behaves well under the tame lifting op- 
eration for simple characters of Bushnell and Henniart 0, which implies ^ 
Theorem 7.1. 

We end the introduction with a brief summary of the contents of each section. 
We begin in with notation and some elementary results about nondegen- 
erate characters and induced supercuspidal representations. In §0 we begin 
the groundwork for the proof of Theorem ^ proving a similar result for 
a /3-extension k. In ^ we define the particular unipotent subgroup, and 
the basis, used in the proof of Theorem ^ this proof appears in along 
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with the proof of Proposition |B|. In we apply the Theorem of Alperin 
and James to define Bessel functions, and construct our exphcit Whittaker 
function from Theorem 0. In §^ we define the numerical invariant v which 
appears in Theorem 0. Finally, the proof of Theorem ^ and its application 
to twisting by tamely ramified quasi-characters, appears in §^ 
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1 Notation and Preliminaries 

Let F be a locally compact non-archimedean local field, with ring of in- 
tegers Op, maximal ideal pp, and residue field tp = Op/pp with qp = 
elements, p prime. We fix wp a uniformizing element of F and let vp denote 
the additive valuation of F, normalised so that vp{wp) = 1. We use similar 
notation for any field extension of F. 

Let V be an A^-dimensional F- vector space, A = Endp{V) and G = Autp{V) 
so, after choosing a basis for V, we have 

A = Mn{F), G ^ GLn{F). 

1.1 Unipotent subgroups and characters 

The results of this section are stated without proof, since these proofs are 
straightforward. One way to prove them would be to choose a suitable basis 
for V with respect to which the unipotent subgroups considered consist of 
matrices which are upper triangular. 

We fix, once and for all, an additive character ipp : F ^ C which is trivial 
on p^, non-trivial on Op. For any a & A, we define a function ipa '■ A C hj 

ipa{x) = {tpp oti A/ F){a{x - 1)), for X e A, 
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where ti a/f denotes the matrix trace. We use the same notation for the 
restriction of ipa to various subsets of A. 

Let be an F-flag in V, 

T ■ = K) c c \/2 c ■ ■ ■ c K = ^, 

Let P = Pjr be the G-stabihser of JF, a parabohc subgroup of G, and let U = 
Ujr be its unipotent radical We also put 

{x eA:xVi(^ Vi+i, < i < s - 1}, 
{x eXr:xVi(^Vi, < z < s - 1}, 
{x e X:f ■■ xVi<ZVu < i < s - 1}. 

Lemma 1.1. Let a A. The function ipa defines a linear character of U if 
and only if a & Xjr. Moreover, ipa is trivial on U if and only if a & X^. 

Now suppose that JF is a maximal F-fiag so that s = N and dim^V^ = i, 
for < i < N. A smooth linear character x of [/ is said to be nondegenerate 
if its G-normaliser is F^U. We can describe this more concretely by choosing 
a basis vi, ...,vn for V such that Vi = 0}=! Fvj, for 1 < i < N. Then U is 
identified with the upper triangular unipotent matrices in GLn{F) and the 
smooth characters x of t/ are given by 

/N-l \ 

X{u) =i^F fJ'iUi^i+i I , for M = (uij) e U, 

where fJ^i E F, 1 < i < N — 1, are fixed scalars. It is easy to see that x is 
nondegenerate if and only if all fii ^ 0; or, equivalently, if and only if, for 
all 1 < J < — 1, there exists n*^-'^ G U with = 0, for i ^ j, such 

that ^ 1. 

Lemma 1.2. Let be a maximal F-flag and a G Xjr. Then ipa is nonde- 
generate if and only if a ^ X^. 



X 



X 
X 



1.2 Induced supercuspidals 

Since the supercuspidal representations of G are all obtained by irreducible 
induction from compact-mod-centre subgroups, the following Proposition 
(which is mostly taken from [§] §1) will be useful. 
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Proposition 1.3. Let A be an open, compact-mod- centre subgroup of G, 
and suppose that p is a representation of ^, such that tt = c-Ind^ p is an 
irreducible supercuspidal representation of G. Let U be a maximal unipotent 
subgroup of G, and let x be a smooth character ofU. 

(i) // Hom[/nj^(p, x) 7^ then x is non- degenerate. 

(ii) Ifx is non- degenerate then there exists g & G such that Hom^/nj^s (x, p^) 7^ 
0. 

(ill) // Hom{/nj^(x5 p) 7^ and Yiouiun^gix^ p^) 7^ 0, for some g E G, then 
there exists u G U such that = M.^ and p^ = p^ . 

Proof, (i) Let (j) G Hom[/n^(P; x) 7^ be such that 7^ 0, and fix a Haar 
measure du on U. Then this gives a non- zero $ G Hom(/(7r, x), by 

$(/)= / Xiu-'mf{u))du, V/Gc-Indgp. 
Ju 

If X is degenerate then there exists a unipotent radical U' of some proper 
parabohc subgroup of G, such that the restriction of x to U' is trivial, but this 
implies Hom^/(7r, 1) 7^ 0. However this may not happen as vr is supercuspidal. 

Parts (ii) and (iii) follow from Proposition 1.6 and (1.8). □ 



2 A note on /3-extensions 



The main result of this section is Theorem |2.6| , which asserts that the re- 
striction of a /5-extension k to a certain subgroup of J is isomorphic to a 
representation induced from a linear character. This result will be used 



in In section |2.1| we recall some results on Iwahori decompositions. We 



will use the definitions and notations of with little introduction. 

Let [21, n, 0,/3] be a principal simple stratum in A (see (1.5.5)). In par- 
ticular, 21 is a hereditary, principal Oi?-order in A, with Jacobson radical ^, 
and P G \ ^P^"" is such that E = F[P] is a field with normahsing 21. 
We denote by B the A-centraliser of E and put *B = 2t fl 5. 

Let C = {Lk : /c G Z} be the Oi^-lattice chain in V associated to 21, 
see (1.1.2). Since E^ normalises 2t we may consider C also as an 0£;-lattice 
chain. Let e = e(?B|o£;) be the 0£;-period of £. We fix an i?-basis {wi, . . . , Wr} 
of V, where r[E : F] = N , such that 

Lq = OeWi + OEUJ2 + h OEWr 
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Li = OeWi H h OEWL(^e-i) + pEWr.{e-i)+l H h PeWt 

for < i < e. The choice of this basis identifies B with Wlr{E) and ?B 
with a subring of M.r(o£;), which consists of block upper-triangular matrices 
modulo pE, such that each block on the diagonal is of the size ^ x ^. 

Let J-'o be the F-flag in V, given by 

J^o : C Ewi C ■ ■ • C ®i=iEwi C ■ ■ ■ C ©[^i^Wi = V. 

Let Po be the G-stabihser of JFq. Moreover, put Gi = AutpiEwi), for 1 < 
i < r, and 

r 

Mo = l[Gi, 

i=l 

a Levi component of the parabolic subgroup Pq of G. Let Uq be the unipotent 
radical of Pq, so that Pq = Mof/o. We also denote by Uq the unipotent radical 
of the parabolic subgroup opposite to Pq relative to Mq. 

We note that JFq is also a maximal E'-flag in V. This yields: 

Lemma 2.1. Let T he an E-flag refining and let U be the unipotent 
radical of the G-stabiliser of T , then 

2.1 Iwahori decompositions 

Put J = J(/5,2t), = JH/3,2t) and = H\(3,Ql) (see § §3 for the 
definitions of these groups). By ^ Example 10.9, and have Iwahori 
decompositions with respect to (Mo,Po): 

ji = (ji n Uo){J^ n Mo){J^ n f/o) 
i/i = {H^ n f/o")(P'^ n Mo){H^ n f/o) 

It will also be useful for us to form the group 

(J^ n Po)H^ = {H^ n Uo){J^ n Mo)(J^ n f/o). 

Now let be a maximal P-flag refining jFo and U the corresponding unipo- 
tent subgroup. We want to understand the group (Jfl U)H^. For 1 < i < r, 
let jFj be the maximal P-flag in Ewi given by intersection of JF with Ewi. 
Let Ui be the unipotent radical of the Gj-stabiliser of JFj; then Ui = U Ci Gi 
and 

r 

f/nMo = J]f/,. 

i=l 
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For 1 < z < r, we denote by 21, the hereditary o^-order in Ai = EndpiEwi) 
given by the lattice chain Ci = {L^ fl Ewi : k E Z}. 

Lemma 2.2. {J^nU)H^ has an Iwahori decomposition with respect (Mq, Pq) 
and 

r 

(( n U)H') n Mo = 1[{J\(3, 21,) n U,)H\(3, %). 

i=l 

Proof. Since and U have Iwahori decompositions with respect to (Mq, Pq), 
so does n U. Since this group normahses H^, which also has an Iwahori 
decomposition, we see that (J^ fl U)H^ has an Iwahori decomposition with 
respect (Mq, Pq) and, in particular, 

((J^ n U)H^) n Mo = (J^ n f/ n Mo){h^ n Mo). 

The lemma now follows from the decompositions of fl Mo and fl Mo 
(see §10) and the decompositions above. □ 

Since dimE{Ewi) = 1, the algebra E = F[l3] is a maximal subfield of Ai. 
We will use the lemma above as a reduction step to the case when ii^ is a 
maximal subfield of A. 

Lemma 2.3. Let U' be a unipotent radical of some parabolic subgroup of G, 
then the image of 

U'nJ ^ J/J^ ^ U(«B)/U^(QS) 
is contained in the unipotent radical of some Borel subgroup o/U(Q3)/U"'^(QS). 
Corollary 2.4. We have 

jnu = (U(03) nf/o)(J^ nt/). 

Moreover, {J {~\U)H^ has an Iwahori decomposition with respect to (Mo,Po)- 

Proof. The E-basis {wi, . . . , w,.} of V identifies 5^ with GU{E) and U(Q3)n 
f/o with a subgroup of unipotent upper-triangular matrices with entries in Oe- 
This implies that the image of U(Q3) fl Uq in U(Q3)/U^(QS) is the unipotent 
radical of some Borel subgroup of U(^)/U^(^). Lemma ^]3| implies that 

(jnf/)J^ = (U(^) nf/o)J\ 

Intersecting both sides with U gives the first part of the lemma. The second 
follows immediately from Lemma |2.2| □ 
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2.2 /^-extensions 



Let C(2l, 0, P) be the set of simple characters of H^, in the sense of (3.2.3). 
Let 6 G C(2t, 0,/3); then ^ is a hnear character and, there exists a unique 
irreducible representation rj of containing 6, (5.1.1). 

Lemma 2.5. Let kg be the nondegenerate alternating form on / given 



he the image ofU in / . Suppose there exists a linear character x ofU 
such that x\h^ = ^- Then the following are equivalent: 

(i) X occurs in rj with multiplicity one; 

(a) U is a maximal totally isotropic subspace of J^/H^ for the form kg; 



Proof. Since is normal in and J^/H^ is abelian (by (3.1.15)), U is 
a normal subgroup of J^. Moreover, since x\h'^ = ^ and J^/H^ is abelian, 
the commutator subgroup of U will lie in the kernel of 6 and hence W is a 
totally isotropic subspace of J^/H^ for the form kg. 

(i) ^(ii) Let Umax be a maximal totally isotropic subspace of J^/H^ con- 
taining U and let Umax be its inverse image in J^, so that Umax/ Ker(6') is a 
maximal abelian subgroup of J^/Ker(^). The character x admits extension 
to a linear character of Umax in exactly (Umax '■ U) ways and every one of 
these extensions occurs in rj. Then x occurs in rj with multiplicity at least 
this index so that Umax = U. 

(ii) ^(iii) Suppose that j G intertwines x with itself. Let W be the 
subgroup of generated by j and U and let W be the image of W in J^/H^. 
A typical element of W is a coset j'^xH^, where a is an integer and x E U. 
Since 



xiifx^fy]) = xirxr'')xir^'yx-'r''-')xi3''y-'r'') = xi[x,y]) = i 



for all x,y gU, the subspace W is totally isotropic for the form kg. Hence W = 
U and j G U. In particular, Ind^ x is irreducible. Since rj is the unique ir- 
reducible representation of containing 6 and x contains 6, we have rj = 




(Hi) 



V = Ind^:; X- 




□ 
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Now let K be a representation of J, such that k\ji =7] and k is intertwined 
by the whole of 5^, that is, a /5-extension of rj in the sense of (5.2.1). 

Theorem 2.6. Let [21, ra, 0, /3] he a simple stratum. Let 9 G C(2l, 0,/5) and 
let K he a (3-extension off] as ahove. Let he a maximal F-flag in V , let U he 
the unipotent radical of the G-stahiliser of J-" and let x ^'e a smooth character 
of U, such that 



(i) -^0 C J^, 

(ii) ^Ic/nz/i = xlc/nHi, 

(iii) X trivial on Uq. 

Let he the linear character of (J fl U)H^ defined hy 

e{uh) = x{u)0{h), yueunj, v/i g h\ 

Then 

I ~ T j(-^ni/)Ji ^ 

K|(jnc/)Ji = ind(^n^)^i H. 



Before proving Theorem |2.6| , we remark that it is not clear that there exist a 
flag and a character x satisfying the hypotheses. This would follow from 
Lemma 2.10, if we could fix the proof of that result. Instead, we will 
have to wait for Theorem p.3| to see that there are indeed such a flag and 
character. 



Proof. We begin by proving 

Indfjinc/)^! ^ = V- (*) 

Step 1. We will prove (0) in the special case when E = F[f3] is a maximal 
subfield of A. 

Suppose that ii^ is a maximal subfield of A so that B = E and J = o^J^. 
The pair (J, k) is a simple type in the sense of (5.5.10) and, since ^ = o^;, 
we have e(?B|o£;) = 1. Now B (6.2.2) and (6.2.3) imply that there exists 
a representation A of E^ J such that A|j = k and vr = c-IndgxjA is an 
irreducible supercuspidal representation of G. If -u G U, then det a{u) = 1 
and this implies that 

(E V) n f/ = J n t/. 

Since dim^; V = 1 the unipotent radical Uq is trivial and hence Corollary 
implies that 

jnu = J^nu. 
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Hence A\i^E>'j)r\U — vlj'^nu- Since rj is the unique irreducible representa- 
tion containing 9 and Q\m = 6', we obtain that 9 occurs in r7|(jini/)Hi- 
Since Q\unJ = xlunJ: we obtain 

1 < dimHom(jin{/)Hi(0,'7) < dimHomjint/(x, ^) 

= dimHom(£;xji)nt/(x, A) < 1, 

where the last inequality follows from Proposition 1.6(iii). Hence 

dimHom(jinc7)Hi(0,'7) = 1- 

The equivalence (Q) now follows immediately from Lemma p.5| applied to lA = 
( n U)H^ and X = ©• 

Step 2. We will prove (|*|) in the general case by reducing to Step 1. 
For 1 < j < r we have an equality of sets: 

{Li n Ewj : Li eC} = {p)^Wj -.keZ}. 

This follows from the explicit description of lattices in £, in terms of the E- 
basis of V. Hence Example 10.9 implies that the charac- 

ter 9 is trivial on its restrictions to fl Uq and fl Uq . Moreover, 
by page 167, the restriction of 9 to fl Gj = H^{P, Slj) is the simple char- 
acter 9i in C(2tj, 0, (3) corresponding to 9 under the canonical bijection t%^%,/3 
of §3.6, where Stj is the hereditary Oi?-order corresponding to the lattice 
chain {p^Wi : A; G Z} in Ewi. In particular, Example 10.9 implies that 
the analogue of (7.2.3) holds in our situation: 

(i) the subspaces ( n Uo)/{H^ n Uq) and ( n Uo)/{H^ n U^) of J^/H^ 
are both totally isotropic for the form kg, and orthogonal to the sub- 
space (Ji n Mo)/{H^ n Mo); 

(ii) the restriction of kg to the group 

r 

{J' n Mo)/{H' n Mo) = n J\(3,'i^^)/H\(3,Q^,) 

i=l 

is the orthogonal sum of the pairings k^.; 

(iii) we have an orthogonal sum decomposition 

In particular, the restriction of kg to the group (J^ fl Uq)/ {H^ fl Uq) x 
(J^ n Uo)/{H^ n Uq) is non-degenerate. 
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Let ((J^ n U)H^) n Mo be the image of the natural homomorphism 

((J^ n U)H^) n Mo ^ (J^ n Mo)/{h'^ n Mo). 

Lemma |2.2| and above imply that 

r 

(( ji n n Mo = n -^H/?, 21,) n 

1=1 



where J^{(3, 21,) fl f/j is the image of the natural homomorphism 

Since is a maximal subfield of Ai and we have proved (0) when E is max- 
imal, J^(/5, 2lj) n f/j is a maximal isotropic subspace in J^(/5, 2lj)/iJ"^(/3, 2lj) 
for the form kg^. 

Now (0) implies that ((Ji n U)H^) n Mq is a maximal isotropic subspace 
of (J^ n Mq)/{H^ n Mo) for kg. Moreover, (|) and (0) imply that (J^ n 
Uq)/{H^ n [/q) is a maximal isotropic subspace of (J^ fl Uq )/{H^ fl f/o^) x 

(jinf/o)/(i/inf/o). 

It follows from the orthogonal sum decomposition in ([iii|) that 



((ji n ;7)i/i) n Mo X ( n Uo)/{h^ n f/o) 

is a maximal isotropic subspace in J^/H^ for the form kg. 

Since {J^nU)H^ contains J^flf/o, the image of {J^nU)H^ in J^/H^ contains 
a maximal totally isotropic subspace of J^/H^ described above. Since there 
exists a linear character B of ( fl U)H^ extending 9, we see that this image 
is itself isotropic and hence must be a maximal totally isotropic subspace. 
The equivalence (|*|) now follows from Lemma p.5| . 

Step 3. Finally, we will deduce Theorem from (|^) by examining the 
construction of k in §5. 

Let Cm be the 0£;-lattice chain in V given by 

Cm = {^Ei<^EWi H h OeWj + pEWj+i H h pEWr) ■ k eZ,l < j <r} 

Let Q3m = End°^(£m) so that 05^ is a minimal o^-order in B. Similarly, 
let 21 = Endp^(£m) so that 2lm is the unique hereditary o^-order in A nor- 
malised by such that 21^ fl -B = Q3m. Moreover, [^m,nr /e,0, P], where 
e = e(?B|o£;), is a simple stratum in A and the groups 

H'^ = H\p,^m), JL = ^'(/5,21J 
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have Iwahori decompositions with respect to {Mo,Pq). 

We denote by 9^ the simple character in C(2lm,0,/3) corresponding to 9 via 
the canonical bijection rgi^su,/? of §3-6. Then 9^ is trivial on fl Uq 
and fl Uq (see (10.9)). We also denote by rjm the unique irreducible 
representation of which contains 9m. 

Since £ C £^ we have 21^ ^ 21 and ^ Moreover, 

u(®) n f/o = ui^m) n f/o 

since with respect to the i?-basis {wi, . . . , Wr} of both groups are identified 
with unipotent upper-triangular matrices, with entries in o^- 

We define 

Note first that = Ind'l^ ji^jj^jji 6 = r/ so r/ is certainly irreducible. More- 
over, (5.1.1) implies that the U^(2tm)-intertwining of fj is contained in 

Now we claim that 



where the last equality follows from Corollary |2]^. Hence IndYj^^ji rj is 
irreducible. 



It is enough to show that 

Homui(2U) (lndj';n^?r^\ ^' ^^^S"^^ 7^ 0, 

since the latter is a multiple of IndVi rjm, which is irreducible by the same 
argument as above. By Mackey Theory, it is enough to show that 

Hom((jni7)Hi)nHi,(0, ^'m) 7^ 0. 

But {{Jr\U)H^)nHl^ has an Iwahori decomposition with respect to (Mq, Pq), 
since both {JnU)H^ and if^ do. Moreover, 6 is trivial on (( Jn[/)i7^) flt/o", 
since {{JnU)H^)nUQ = H^HUq and 9 is trivial on H^HUq . Since x is trivial 
on [/q we get that 6 is trivial on {{J nU)H^) fl Uq. Hence both 9 and 9^ are 
trivial on the subgroups {{JnU)H^)nH^nUQ and {{JnU)H^)nH^nUo. 
Finally, by § §10, 

r 
i=l 
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so 

{Jr]U)H^ nHl^nMo = H^nMo c H^nH^, 

where = and 6m agree by (3.6.1). 

In particular, we have shown that, upto equivalence, fj satisfies the conditions 
of the representation (also denoted fj) in (5.1.15). Since these conditions 
uniquely determine fj, we conclude that our fj is, up to equivalence, the same 
one used in the construction of k in (5.2.4) and hence 

«|(jn[/)Ji = r? = Ind|^n^I!i'i 
as required. □ 



3 A particular unipotent subgroup 

The main result of this section says that we may choose a maximal F-fiag 
in V and a character x of the G-stabiliser f/ of JF which satisfy the hypothe- 



ses of Theorem E.6| and, moreover, such that we can control the restriction 



of certain characters of t/ to U f] U(?B) (see Theorem O for details). We 
will continue with the notation of the previous section but, since we will con- 
sider only supercuspidal representations in the applications, we will assume 
that e(<B|Oij) = 1. 



3.1 An F-basis of E 

Although we would like to work in a basis-free way, we are forced to choose 
one, since the zeta function in §|^, whose functional equation defines e-factors 
of pairs, is defined on matrices. In this subsection we consider the special 
case when E is maximal, so we may identify V = E. We show that there 
exists an F-basis B of E with 'nice' properties. The basis is chosen to ease 
the pain of calculations in §7, see also Corollary The conditions imposed 
on B imply certain uniqueness result, which will be used to define a numerical 
invariant in §^ 

Let = {Vi : 1 < i < d}, where d = [E : F], be a maximal F-fiag in E, 
let U be the unipotent radical of the Autir(-E)-stabiliser of JF, and let x be 
a smooth, non-degenerate character of U. Let t/'e be an additive character 
of E, trivial on p^;, and such that 

'4'Eix) = V'-f(x), Va; G F. 
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Definition 3.1. An F -basis B = {xi, . . . ,Xd} of E is ([/, x, ^£;)-balanced if 
the following hold: 

(i) Vi = Fxi H h Fxi, l<i<d; 

(ii) there exists functions ai : Z 1^, for 1 < i < d such that 

d 
i=l 

(ill) ifuEU, and {uij) is the matrix of u with respect to B, then 

d-l 

1=1 

(iv) if we embed naturally E ^ Endpi^E) and, for^ G E, we let (^jj) be the 
matrix of ^ with respect to B, then 

MO = Midd). y^eE. 

Proposition 3.2. There exists an {U, x, ipp) -balanced basis. Moreover, ifB = 
{xi, . . . Xd} is (f/, X, ^Je) -balanced and B' = {yi, . . . , yd} is a basis of E over F 
which satisfies Definition |J. j| (i),(iii) and (iv), then XdXi^ = VdVi^ ■ 

Proof. Proposition II-3 in [|13| applied to JF and {p^ : z G Z} implies that 
there exists an F-basis B = {xi, . . . ,Xd} of E which satisfies (i) and (ii). 
Since x is non-degenerate, after replacing Xi by some AjXj, where Aj G F^ , 
we may ensure that B satisfies (iii). 

For ^ G -E, let (^jj) be a matrix of ^ with respect to B. Consider the 
function 0g : — > given by 0^(0 = i^pi^dd)- It is clear that 0b is 
an additive character. If x G -F, then ipBix) = ippix), hence (ps is non- 
trivial on Oe- Since Xd G p^*'^'*^ and Xd ^ p^(^<*)+-^ have ad{vE{xd)) = 
and ad{vE{xd) -|- 1) = 1, hence if ^ & Pe, then ^dd ^ Pf, and so 0^ is trivial 
on pE- Since ipE and 0^ have the same conductor, there exists a G o^, such 
that 4je{0 = 0b("O? for all ^ e E. 

Set A{E) = EndF(-E), let 2t(£') be the hereditary order corresponding to the 
lattice chain C{E) = {p*^ : i G Z}, and, for I < i,j < d, let lij G A{E) be 
given by lijXk = SikXj, where 6ik is the Kronecker delta. Since B satisfies (ii) 
we have la G 21. 
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Set u = 1 + (a - l)ldd e Qi{E). We have 

V'f(A) = ^s(A) = 0B(aA) = ^F(addA), VA G F. 

Hence add = 1 and so n G f/ fl 2t(£'). So the basis uB = {uxi, . . . , uxd} also 
satisfies (i),(ii) and (iii). Now 

Hence uB is (f/, x, '^£;)-balanced. 

Suppose that B = {xi, . . . Xd} is (f/, x, V^£;)-balanced and that B' = {yi, . . . , i/d} 
satisfies Definition p.l| (i),(iii) and (iv). After translating by some A G , 
we may assume that xi = yi- Parts (i),(iii) imply that there exists u E U 
such that B' = uB. Let {uij) be the matrix of u with respect to B. Then, for 
all ^ E E, we have 

where i)A = '4'F° trA(£;)/F- Moreover, lid = XiX^^ldd so 
iPe{0 = K ^UidXiX^^ 1, 



By [P] (1.3.4) there exists an (i?, i?)-bimodule homomorphism s : A E {a. 

tame corestriction) , such that 

Since 0^(0 = i'Fi^dd) = ^^(^Idd) = 4>B{^s{ldd)), for all ^ G -E, we obtain 
that s{ldd) = 1- Hence we get 



ipEiO = 0e K ^UidXix/ \\=^e\U ^UidXiX^ 



^id'^i'^ 

,i=l / / \ \i=l 



Thus Xd = X^iLi '^id^i-, which implies that = 0, if i 7^ c?. In particular, we 
get yd = uXd = Xd- □ 
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3.2 A choice of maximal flag 

Let [21, n, 0, [3] be a simple stratum, such that e(?B|o£;) = 1. Let 6 G C(2l, 0, /?) 
and let J^o be a maximal ii^-stable flag in V , Uq the unipotent radical of the G- 
stabiliser of J-q. 

Theorem 3.3. There exist a maximal F-flag J-" in V, a smooth character x 
of the unipotent radical U = Uj^ and an element b G Xjr fi 21 , such that the 
following hold: 

(i) ^0 C J^, 

(ii) d\unm = xlunm, 

(iii) X trivial on Uq, 

(iv) the character 

■ (U(<B) n f/)/(u^(Q3) nu)^ c^ m(u^(?b) n f/) ^ ^^^(m) 

defines a non-degenerate character of a maximal unipotent subgroup 
o/U(^)/Ui(^). 

Proof. Let us consider first, as in Step 1 of the proof of Theorem the 
case when E is a maximal subfield of A. We identify V = E and 21 = 2l(-E) 
is the hereditary order associated to the lattice chain C{E) = {p^ : k G 
Z}. The parts (i),(iii) and (iv) are empty in this case since J^o = {0 C 
V}, Uq = {1}, and U(?B) = does not contain non-trivial unipotent el- 
ements, and so U(^) H U = {1}. Consider the supercuspidal representa- 
tion TT = c-IndgxjA, as in Step 1 of the proof of Theorem |2.6| . According 
to Proposition 1.6(i), there exist a maximal F-fiag in E, and a smooth 
character x of the unipotent radical U of the G-stabiliser of such that 

Homf;n(i?xj)(x, A) ^ 0. 

Since A\fji = (dimA)^, we obtain 

Hence the theorem holds for E maximal. Note that, since E^ normalises 
and 6 = 6'^, for all x G E^ , we may replace the pair {U,x) by a conju- 
gate (U^^x^)^ where x e E^ . 

Now let us consider the general case. Put d = [E : F]. 
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Construction of J-' and x- According to |T3[ Proposition II-3 we may choose 
an i?-basis Be = {wi, . . . , Wr} of V such that 

j 

Tq = Ewi : 1 < j < r}, and = H h PeWv, V/c G Z. 

i=l 

Let Pq be the G-stabihser of JFq. Moreover, put Gi = AntpiEwi), for 1 < 
i < r, and 

r 

Mo = l[Gi, 

i=l 

a Levi component of the parabohc subgroup Pq of G. Then f/g is the unipo- 
tent radical of Pq, so that Pq = MqUq. We are in the situation considered in 
Step 2 of the proof of Theorem |2.6| . In particular, 

r r 

iP, ^) n Mo = 1[H\P,%) = l[H^ iP, ^(E) ) , 

i=l i=l 

where the last isomorphism is induced by identifying Ewi with E. Moreover, 
according to Corollary 10.16, there exists 9f G C(2t(-E), 0, /5) such that 

^|//i(/3,2i)nAfo = Of ® ■ ■ ■ ® dp 

via the above identification. Now, by the case when E is maximal considered 
above, we know that there exist a maximal F-flag J^i in E, and a smooth 
character xi '■ U^i such that 

Xi{u) = ep{u), Vn G Ur,nH\(3,Ql{E)), 

where f/jc-^ is the unipotent radical of Auti?(ii^)-stabiliser of J^i. Proposi- 
tion |L3| (i) implies that xi is non-degenerate. Choose an additive charac- 
ter ipE of E, such that ipE^x) = iprix), for all x G F, and ipE trivial on p^;. 
Proposition pl2| gives a (DVi, Xi; '^-E)-balanced F-basis Bi = {xu,...Xid} 
of E. Set y = xidX^^ and for 2 < j < r, let Bj = {xji, . . . , Xjd} be the basis 
of E over F given by 

^ji = y^'^^iii I <i < d. 
Note that, in particular, for 2 < j < r. 

Let jFj = {Yli=i Exji ■ 1 < k < d}; then JF^ = yJ^j-i and hence Djr. = U^,_^ 
so we may define a character : Ujr. — > by = Xj-i- Since y E E^ 
normalises Op, we obtain that 

X,iu) = 9E{u), \/ueU:f^nH\PME)), I < J < r. 
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Let T — {Vfe :\<h < N} be the maximal F-flag in V given by 

V'(j_i)d+j- = FxiiWi H h FxjiWi, 1 <i <r, I < j < d, 

and let Uj^he the unipotent radical of the G-stabihser of J^. Since Uj^/Uq 
C/^ n Mo ^ 111=1 Ui we may define x : C/^ ^ by 

x|[/^nMo =Xi® ■■■®Xr, X|f/o = 1- 
The Iwahori decomposition implies that 

C/^ni/i(A2l) = {U:pnMonH\(3,^)){H\(3,Ql)nUo) 

r 
i=l 

Since 9 is trivial on Uq fl H^{P, 21), it follows that 



Construction ofb. For = (/xi, //r-i) £ ''^^ define 6 = e Xjr by 

b{XjiWj) : 



/ijXj+i^ityj+i, if i = d, 1 < j < r - 1; 
otherwise. 



We claim that such b also hes in 21. For 1 < j < r we have constructed 

a (Djr,, Xj, ''/'£')-balanccd basis Bj = {xji, . . . ,Xjd}, of E over F, so there 
exist functions a^j : Z ^ Z, for 1 < i < o?, such that 

d 
i=l 

Hence, 

r r d 

j=l j=l 1=1 

Since, by construction, Xjd = Xj^i^i, for 1 < j < r — 1, we have ajd{k) — 
aj+i^i{k) for all A; e Z. Hence 

r-l 

bLk = ^ f^jp^J"'-''^ Xj+i^iWj+i C Lfe, VA; e Z 
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which imphes that 6 G 21. 

Since b G Xjr, Lemma imphes that ipi, defines a hnear character of U. 
Since 6 G 21 we have ipb{u) = 1 for all u G U^(2t). Hence the character ipf^ is 
well defined. Moreover, (U(*B) fl f/)/(U^(Q3) fl U) is the unipotent radical of 
the Autfg(Lo/Li)-stabiliser of the fiag {J2]=i ^E{wj + Li) : < i < r}. This 



follows from Lemma 2.1 



Let n = (1, 1) and let b = b{^i) as above. (Indeed, any /x G (o^)'' ^ would 
do.) We claim that is non-degenerate. For 2 < k < r and G ii^ we 
define u^^k G f/ n 5^ = f/o n by 



Wj, otherwise. 



We will compute ix^hjiu^^k) = i'biu^^k)- Since Xji G E, it commutes with u^^^ 
and hence 

K,-l)(x,,z^,) = | Q otherwise. 
Since is an F-basis of E we may write uniquely 

d 

i=i 

where A^^^ G F. Then 

I ^ otherwise. 

Hence, 

trA/F(&(?ife - 1)) = >^^di- 

Since, by construction, Xki = Xk-i^, we have A^^^ = ^^J'J , where {^^j'') 
is the matrix of ^ G Endi?(£') with respect to Bk-i- However, since Bk 
is [Ujr^ , Xk, V'£;)-balanced 

Now, ipE has conductor p^;, and so t/;^ is non-degenerate. □ 
We record the following corollary to the proof of the theorem. 
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Corollary 3.4. Fix an additive character ipE '■ E such that iPe{x) = 

%1)f{x), for all X E F and ipE is trivial on pE- Choose an E-basis Be = 
{wi, . . . , Wr} of V such that 

j 

= Ewi : I < j <r}, and Lk = p|wi H h pE^r, VA; G Z. 

1=1 

Let T, X o^'iT'd i^b be as in Theorem ^TSj . There exists a basis {xi, . . . ,Xd} 
of E over F, satisfying Definition \3.1\ (iv) with respect to ipp and ipE, such 
that xi = 1 and such that, if we putt 

Vdii-i)+j = x'^^XjWi, l<i<r, l<j<d, 

then the set Be = {vi, . . . , vn} is an F -basis of V with the following proper- 
ties: 

(i) -^={E^=l^^.:l<J<^^}; 

(ii) there exist functions : Z ^ Z, for 1 < i < N such that 

N 
i=l 

(iii) if u & U has matrix {uij) with respect to Be, then 

N-l 
i=l 

(iv) if u eU n has matrix (uij) with respect to Be, then 

r-l 

{xA){u) = ^e{^u^+i)- 

i=l 

If we put (3 = 0, so that E = F, Oe = Oe and r = N then the proof of 
Theorem ^.31 formally goes through with JF = JFq, Bj = {1}, for 1 < j < N, 
and b = b{fi), for any /j, G (o^)^^^. We obtain a 'level zero version' of 
Theorem |3.3| : 

Corollary 3.5. Let 01 be a maximal OE-order in A. Then there exist a 
maximal F-flag J-" in V and an element b G Xjr fl 21 such that 

: (U(2t) n f/)/(u^(2i) n f/) ^ c^ u{v\Qi) nu)^ M^) 

defines a non- degenerate character of a maximal unipotent subgroup of the 
group U(2l)/Ui(2l). 
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4 Supercuspidal representations 



Let TT be an irreducible supercuspidal representation of G. By §6, vr is 
compactly induced: 

7r = c-Indj A, 

from a (rather special) open compact-mod-centre subgroup J of G. More 
precisely, J has a unique maximal compact open subgroup J and if we 
put A := A| J then (J, A) is a maximal simple type in the sense of §6. 

Definition 4.1. The pair (J, A) is a maximal simple type if one of the 
following holds: 

(a) J = J(/9, 2t) is a subgroup associated to a simple stratum [21, n, 0,/5], 
such that if we write E = F[i3] and B = EndE{V) then 53 = 21 fl i? a 
maximal Oe- order in B . Moreover, there exists a simple character 6 e 
C(2l, 0, /?, ■i/'ir) such that 

where k is a f3-extension of the unique irreducible representation t] 
of = J^(/?,2l), which contains 9, and o is the inflation to J of a 
cuspidal representation ofJ/J^ ^ U(?B)/Ui(«B) ^ GL^(e£;). 

(b) (J, A) = (U(2l),(7), where ^ is a maximal hereditary Op-order in A 
and a is an inflation of a cuspidal representation o/ U(2l)/U^(2l) = 

In case (a), J = E^J, and in case (b), J = F^U(2l). In practice we will 
treat (b) as a special case of (a), with P = 0, E = F, ^ = = = 

U^(2l) and 6, rj, k all trivial. We will refer to (b) as the level zero case. 

We are going to describe the main result of this section. Let J-^ = {Vi : 1 < 
i < N} be any maximal F-flag in V, let U be the unipotent radical of the G- 
stabiliser of JF, and let ipa '■ U ^ he any non-degenerate character of U. 
Let TT be a supercuspidal representation of G. We know by Proposition 1.6 
that there exists (J, A) as above, such that 

TT = c-lndj A, Romunjii^a, A) ^ 0. 

Moreover we know by Proposition p..3| that the above properties determine 
such a pair (J, A) up to conjugation hj u E U. Since A\hi = (dimA)6', we 
obtain that 

Since J normalises and intertwines 6, we may define: 
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Definition 4.2. Let \[^q, : ( J fl U)H^ be the character given by 

^a{uh) = tlja{u)e{h), \/ueJr\U, \/he H\ 

We also define the following subgroups: 
Definition 4.3. Set 

MF = {9eG:{g-l)VC Vn^i}, = {Mf H V{QI))V\QI), 

and 

g^ = {geG:gv^= V,, Vi;i G V,}, = {Gp n U(2t))Ui(2l). 

Let ^(21) = g^^^g = 21} be the G-normaliser of 21 and let p be the 

representation of ^(2t) given by 

p = Indf ^) A. 

The main result of this Section is the following Theorem. 

Theorem 4.4. (i) The restriction A\j^^f-]j is an irreducible representation 
of -M-Qi n J. Moreover, 

(ii) The restriction p\m>k ^■5 on irreducible representation of M.<^. Moreover, 

p\m<h- ^'^^'(jnu)m ^a- 
Further, both (i) and (ii) hold if we replace M.(^ with Q%. 
The strategy is to show that Theorem [4.4| holds for a particular choice of U 



and ipai constructed from Theorem |3 .31 , and then show that the general result 
may be obtained by conjugating by some G J. Before proceeding with the 
proof we note that \E'q occurs in A with multiplicity 1, since ipa occurs in A 
with multiplicity 1 and the proof of Lemma 3.1 implies: 

Corollary 4.5. The character occurs in vr with multiplicity 1. 

We note that the level case can be formally recovered from the general 
case with /? = and 9 the trivial character, and is a well known result of 
Gel'fand §. 
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4.1 Some decompositions 

We will need some decompositions of G, and also of other general linear 
groups, so we state the following Theorem for a general field F. 

Theorem 4.6. Let F be any field, let V be an N -dimensional F-vector space, 
set G = AutF(V). Let K be an extension ofF of degree N and suppose that 
we are given an embedding of algebras l : K EndF(V). Then the following 
hold: 

(i) Let V E V , V ^ 0, and put Qv = {g ^ G : gv = v}; then every g E G 
can be uniquely decomposed as 

g = xh, X e i{K^), h e Gy, 

(ii) Let V G V be an F-subspace of V of dimension N — 1 and set A4 = 
{(? G G : ((7 — 1)V C V'}; then every g & G can be uniquely decomposed 
as 

g = xh, xet{K''), heM. 

Proof. We can view V as a K-vector space, via l. Since, [K : F] = dimp V, 
we obtain dimxV = 1. Hence acts transitively on the set of non-zero 
vectors in V and that G = L{K^)Qy. If x E then it has eigenvalue 1, and 
so l{K^) = {1}. This establishes Part (i). 

Choose a basis B = {vi, . . . ,vn} of V such that V = Ft>i + ■ ■ ■ + Fvn-i- 
Let 5 : G ^ G be the map g ^ w{g^)^^w, where w G G is defined on B 
by w(i;j) = t>7v-i+i, and g~^ denotes the transpose of g with respect to the 
basis B. We have 6"^ = id and S{Ai) = Q^^. Part (ii) follows from Part (i) 
with L replaced with 5 o i and v = Vi. □ 

We apply our decomposition theorem to prove several results on the inter- 
section with the groups M.f and Qf- Analogously, we set 

ME = {geB-' -.{g- l)V c v^_,}, = {Me n \J{^))\J\^) 

and 

QE = {g&B'' : gw, = w,}, = (Qe H U(^))U1(^). 

Let be a maximal unramified extension of E, which normalises 21, so 
that [K : E]= N/d. Theorem |4]| implies that 5^ = K'^Me- Since Vn-cl ^ 
Vat-i, we obtain that 

A^fHE^ = Me- 
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Corollary 4.7. The following decompositions hold: 



(i) = KX(U(2l)nA^^), V\^) = (U\^)nMF)ii + pK); 

(ii) 3 = K'^iJciMp), = {J^^\MF){l + pK); 
{n^) K{m) = K>'{v{^)nME), ui(®) = (uH^)nA<s)(i + px). 

Moreover, the statements remain true if we replace Aip with Qp and M.e 
with Qe- 

Proof. Note, that C C J C ^(21). It is enough to prove (i), 

since (ii) and (iii) are obtained by intersecting with J and ^(53), respectively. 
According to Theorem |4.6| we may write .^(21) = (.^(21) r\ Aip)- 

Let C = {Li : i G Z} be the 0£;-lattice chain in V associated to 21. According 
to ||l3l Theorem II-l there exists a decomposition of = Xlili ^* i^^o one 
dimensional subspaces such that Va^^i = J2i=i^ ^* Lj = J2iLi Lj fl 
for all j G Z. If G .^(21) f\ M.f then by projecting to the subspace we 
obtain Ljj^^^^g^ fl = Lj fl V^^, for all j G Z. This implies that V(^{g) = 0, 
hence g G U(2t) n Mp- Hence J^(2l) n A^^ = U(2l) n Mf- 

Let g G U^(2l). We may write by above g = hx, where h G U(2t) H Aip 
and X G o^. Let g, h and x be the images of g, h, x in Ant^p^Lm/ Lm+i) , 
where Lm G £, such that L^+i + Lm D Vn-i 7^ i^m- Since 5^ G U^(2l), we 
have ^ = 1. Now 

{h — l){Lm/ -^m+l) ^ (-^m H V/V-1 + -^m+l)/ 

Our assumption on L^, implies that has eigenvalue 1. Since hx = 1, x 
also has eigenvalue 1, hence x = 1, which implies that x G 1 + pK, and 
so /i G Ui(2l) n A<j.. □ 

Corollary 4.8. We have 

Moreover, the statement is true if we replace A^2i with Q<^; M-p with Qp 
and M-B with Qq. 

We end this section with an observation which will prove useful later. 
Lemma 4.9. Suppose that g G .^(21) then 

vp[<leig) = 

e(2l|0F) 

In particular, 3 nU = J nU. 
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Proof. Let e = e^^lop) and set h = g^w/^'^^', then h e ^(21) and v^{h) = 0. 
Hence, /i G U(2l). Since U(2l) is compact, this imphes that deth G and 
this yields the Lemma. □ 



4.2 The proof of Theorem in a special case 

Let us fix a maximal simple type (J, A). Let [21, n, 0, /?] be an associated sim- 
ple stratum, and let 9 G C(2l, 0, /?) be such that \\h^ = (dim \)9. Let (JF, b) 
be a triple given by Theorem and let U be the unipotent radical of the G- 
stabiliser of JF. By construction, a subfiag jFg := {V^j : 1 < i < r} of is 
a maximal stable E'-fiag in V, and let Be = {wi, . . .Wr} denote an i?-basis 
of V chosen as in Corollary |3]^. We choose some a G Xjr such that x = i^a, 
and we set 

a = a + b. 

Then we have 

The first equality is trivial; the second holds, since 6 G 21 and u G U^(2l); 
the third is Theorem |3.3| (ii). Hence we may define '■ {J H U)H^ 
by '^aiuh) = ipa{u)9{h), for m G J fl f/ and h G H^, as above. 

Lemma 4.10. The function ipf, defines a linear character on (J fl U)J^ and 

where the character 6 is given by Q{uh) = tpa{u)9{h), for u G (J fl t/) 
and h & H , as in Theorem \2.6 . 

Proof. Since b G Xjf, by Lemma p..l| , iph defines a linear character of U. 
Since 6 G 21, we have ipbiu) = 1, for all u G U^(2l). This implies that 

ipbiuj) = iJb{u), Wu eUnJ, j e J^. 

Now J normalises and hence iph is a character on {Jr\U)J^ . Since a = a+b, 
we have an equality of functions ipa = i^ai'b and hence for every u & J nU 
and h E we have 

□ 
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Let L = {Li : i G Z} be the Og-lattice chain in V associated to 21, and put 

{r-l 
b G U(Q3)/Ui(^) : {b - l)(Lo/Li) C ^ t^iw, + L,) 
i=i 

the image of M<b in U(?B)/U^(23). Similarly, let 

Gt^ = {be V{^)/V\^) : b{wi + Li) = + 

be the image of in U(<B)/Ui(23). 

The group A^t^, is known as a mirabolic subgroup. We note that it contains 
the image of U(«B) n f/ in U(?B)/Ui(?B). Moreover, with respect to the 
basis Wi + Li,...,Wr + Li of Lq/Li, the group A^t^, is identified with the 
subgroup of matrices of the form 

^* ... * *\ 

yo ■■■ V 

and the image of U(!B) fl f/ in U(*B)/U^(^) is identified with the subgroup 
of unipotent upper-triangular matrices. 

Lemma 4.11. Let a be a cuspidal representation of \J{^)/\J^{^) . Let f/^^ 
be the image o/U(?B) nU in U(«B)/UH23), so that 

f/t, = (u(^)nf/)/(ui(^)nf/), 

and let ip be any non- degenerate character ofUij^. Then 

Moreover, the representations a\Mtj^ o,''^da\g^^ are irreducible representations 
of M-ij^ andQtj^, respectively. 

Proof. The statement for A^^^ is [0 Theorem 8. Set wi = Wi + Li, ioi 1 < i < 
r, and = {wi, . . . ,Wr}, a 6£;-basis of Lq/Li. We identify U(*B)/U^(*B) 
with GLr{tE), via Let d : GLr{tE) GLr(^£;) be the automorphism 
given by S{g) = w{g~^)~^w, where g~^ denotes the transpose of g and w is 
given by w(wj) = Wr-i+i, for 1 < z < r. Then 5(t/tg) = t/t^, and ip^, given 
by ip^{u) = iIj{6{u)), for all u G f/j^, is a non-degenerate character. The 



30 



representation of GLr{tE), given by ^^{g) = a{6{g)) is cuspidal. Hence, by 
the statement for Aitj^, 



Since = A^j^ and 5^ = id, by twisting by 6 we obtain 



The irreducibihty follows from the irreducibility of 



E 



Theorem 4.12. The restriction XIm^sJ^ ^'^ '^'^ irreducible representation of M.^J^ 
and 

The statement remains true if we replace M.fQ with Q<b- 

Proof. Set M. = M^B- In the level case, Ai = A4% and the Theorem asserts 
that <j\m>h is irreducible and 

o — ■^'^'^(t/nu(a))ui(a) 'f^''- 

Since a is an inflation of a cuspidal representation and and 6 were chosen 
in Corollary |3.5| so that ipf^ is non-degenerate, the assertion is Lemma [4.11 



Let us consider the general case. Since a is an inflation of a cuspidal rep- 
resentation of U(23)/U^(*B) and JF and b were chosen in Theorem p.3| , so 



that the character ip^^ is non-degenerate, we may again apply Lemma [l.llj to 
obtain 

Theorem implies that K|(jnc/)ji — 9 and hence 



where the last isomorphism is given by Lemma [4.10| and the transitivity 
of induction. Moreover, since by Lemma [4.11| the restriction o'Imj'^ is irre- 
ducible, a straightforward modification of (5.3.2) implies that A|;kji is an 
irreducible representation of M.J^ . The proof for is analogous. □ 

Since, by Corollary we have Jvl^ fl J = M.<qJ^^ we have now proved 



Theorem [4.4| (i) in our special case. We also record the following: Since J fl 
U = J nU, we immediately get 
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Corollary 4.13. Hom(7nj(V'a, A) 7^ 0. 



Finally, part (ii) of Theorem [4.4| is given by: 



Proposition 4.14. The restrictions of p to M.<2i o-nd to Q<n are irreducible 
representations of Ai<n and Q^^i, respectively. Moreover, 



PlMs 



r\-/ 



Proof. We will prove statement for A4%, the proof for ^21 is analogous. We 
have 

P\M<2i - ^'^'^M^nJ ^^iMiiDJ - -^IICImj^JI ^\M<s J^ - '-^'^{JnU)m 



where the last two isomorphisms follow from Corollary |4.8| and Theorem |4.12 
Since "ifalm = we have 



by i (3.3.2). Since X\m^j. = Ind^^^^^^'^, § (4.1.1) and (4.1.5) imply 
that 

Hence, 

and hence pl^ia irreducible. We note that contains U^(2l), and 

hence J^; U(2t) fl = U(?B) and the last equality above follows from 

Corollary ^ □ 



This completes the proof of Theorem [4.4| for our special choice of JF and ^a- 



4.3 The proof of Theorem |4.4| in the general case 



We will prove Theorem 4.4 in the general case, by showing that after conju- 



gation by some g E 3 we end up in the special case, considered above. 

Proof. Let J^' = {V^ : 1 < i < N} be any maximal F-fiag in V, and 
let U' be the unipotent radical of the G-stabiliser of JF', and let ipa' be 
any smooth non-degenerate character of U'. Let vr be a supercuspidal rep- 
resentation of G, then there exists a pair (J, A), such that vr = c-lndj A 
and Hom;7/nj(V^a', A) 7^ 0, and A|j = A, where J is the maximal compact 
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open subgroup of J, and (J, A) is a maximal simple type, with the stra- 
tum [2t,ra,0,/3]. Moreover, X\hi = (dimA)^, where 9 e C(2t,0,/5). We de- 
fine Ai'(2^ as in Definition and \E'o' as in Definition Let J-' = {Vi : 1 < 
i < N}, U, il^a and Algi be as in § ^?^ . By Corollary the character ip^ is 
non-degenerate, and we know that 

Hom[//nj(V'a', A) =^ 0, and Romunji^a, ■^-) 0. 

Hence by Proposition 1.6 (ii), there exists g & 3, such that U' = 
and t/'q/ = ip^. In particular, JF' = gj^^ and hence V^_i = gVN-i, which 
implies that M'^ = A^|. Since g e J, we have J = Jf, if^ = {H^Y, 9 = 
93. Hence (J n = {{J n f/)ifi)'' and = We have proved 

the Theorem for !F and tpa, now twisting by (7, we obtain the result for J-'' 
and ipa'- □ 

Remark 4.15. It follows from the proof that any T' and ip^' , with the prop- 



erty that Hom^y/pj (■^/'o' , A) 7^ 0, arise from the construction in Theorem \3. Sj , 
once we replace (3 by gf3g^^, for some g & 3, and so the construction in 
Theorem \3.3i is a natural one. 



4.4 A characterisation of Ind?^) A 

We observe that a result of Gel'fand characterising cuspidal representations 
of GLjsf{Fg) implies a very similar result, for the representations of .^(21) of 
the form Indj''^^ A. 

Proposition 4.16. Let t be a representation o/^(2t) such that 

-7-1 — Tnrl-'^2l iT/ 



then 

for some representation A of 3 , such that (J, A|j) is a maximal simple type, 



T = Ind?^^ A, 



as in Definition \4.1 



Proof. Since Ind|^j2[^^j^i is irreducible, so is r. Now, 

cr 

where the product runs over all the generic representations a of J/ '- 
U(5B)/U^(?B) = GLr{tE)- Hence r|j will contain a summand of the form k( 
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a. It follows from § (5.3.2) that the /u(2i)(/« ® fx) C (J5^ J) n U(2t) = J. 
Hence Indy*^^^ k ® o" is irreducible, and so is isomorphic to r. Restricting 
to we obtain that (y\M<»J^ is irreducible, and implies that a is cus- 
pidal. Hence, r|j will contain some simple type A, it follows from ||^ §6.2 
that r|j will contain some A, and hence r = Indj*'^^ A. □ 



5 Realisation of maximal simple types 

We continue with the situation described in the beginning of Let U be 
a maximal unipotent subgroup of G, and ipa non-degenerate character of U . 
Let TT = c-Indj A be a supercuspidal representation, and Hom;7nj('?/'a, A) 7^ 0. 



Theorem [4.4| allows us to use a rather general result of Alperin and James , 
and realize the representation A as a concrete space, and describe the action 
of J on this space in terms of the character of A and '^a. This concrete 
realization enables us to compute a certain matrix coefficient of vr, and by 
integrating it we obtain an explicit Whittaker function for tt. 



5.1 Bessel functions 

We will adapt the result of Alperin and James to our setting. Let /C be 
an open, compact-modulo-centre subgroup of G and let r be an irreducible 
smooth representation of /C. 

Assumption 5.1. Suppose that there exists compact open subgroups U C 
C /C, and a linear character \E' ofU, such that the following hold: 

(i) t\m is irreducible representation of A4; 

(ii) T\M = lnd{f^. 

Let JV be an open, normal subgroup of /C contained in the Ker r. Set 

heU/Af 

Let X = Xr be the (trace) character of r and let a; = a;,- be the central 
character of r, so that 

Xixg) = uj{x)xig), VxGF^ Vg E JC. 
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Definition 5.2. The Bessel function J' : IC —>■ C of t is defined by: 

heU/Af 

Proposition 5.3. The Bessel function J has the following properties: 

(i) m = 1; 

{ii) J{xg) = J{gx) = uj{x)J{g), Vx G F^ Wg E IC; 
(ni) J{hg) = J{gh) = ^{h)J{g), WheU, Wg e IC; 

(iv) if J{g) 7^ then g intertwines in particular, ifm G Ai then J{m) ^ 
if and only if m & U; 

(v) for all gi, g2 E IC we have 

J{9im)J{m-^g2) = Ji9i92)- 

-meM/U 

Proof. We observe that it is enough to prove the Proposition for a twist 
of r by an unramified character. Twisting by [g (cu^wp))^'"''^'^^^'^^^^^^] we 
ensure that w^M lies in the kernel of r. Hence, Ker r is of finite index in /C 
and we may consider representation of a finite group. 

Part (i) is a reformulation of the fact that Ind^ is irreducible. Since x 
is defined by matrix trace, we have xiddi) = x{.9i9)i for all gi G /C, and 
Parts (ii) and (iii) are straightforward consequences of the definition of J . 

Part (iv): Part (iii) implies that is a ^-spherical function on /C, in the 
sense of (4.1), where ^ is the dual of ^ . Hence if J{g) 7^ then according 
to (4.1.1), g intertwines \E'. 

Since Ind^ ^ is irreducible, the A^-intertwining of ^ is equal to 14. Now 
Parts (i),(iii) and the argument above finish the proof of Part (iv). 

Part (v) is [Q] Lemma 2, or [j^ Theorem 9. □ 

Theorem 5.4 (cf. Let S he the space of functions from M. to £, satis- 
fying the condition 

f{hm) = m{h)f{m), \/heU, \/m e M. 

For each g & IC we define an operator L{g) on S by the formula 

[L{9)f]{m) = Yl J{mgmi)f{m^^). 
Then L defines a representation of IC, which is isomorphic to r. 
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Proof. Again, it is enough to prove the statement after twisting by unramified 
character, and this way we may ensure that /C/ Kerr is finite. The assertion 
now follows from the main Theorem in [Q. The level case is ^ Theorem 10. 

□ 

If f is the dual of r, then f, Ai, U and ^ satisfy Assumption Hence 
Theorem holds for f, with \E' instead of \I' and with S the space of 
functions from Ai to C satisfying the condition 

f{hm) = 4/{h)f{m), \/h eU, Vm G M. 

Moreover, the Bessel function J = Jf satisfies 

Let ( , ) be a non-degenerate /C-invariant pairing on S x S. Since, r is ir- 
reducible, the pairing is determined up to a scalar multiple. Let ip & S 
and (p & She such that Supp ip = Supp (p = U and ip{l) = (^(1) = 1. Since (p 
and if> span the and ^-isotypical subspaces in S and S respectively, we 
may normalise ( , ), so that 

{(p,(p) = 1. 
This determines the pairing uniquely. 
Lemma 5.5. We have 

iLig)^,^) = Jig), ygeJC. 
Proof. It follows from Theorem ^]4| that 

-1, 



meM/U 

Since the A^-intertwining of \l/ is just U, for m G we have {L{m)ip, (p) ^ 
if and only if m G W. This implies the Lemma. □ 

We will apply the preceding results in several situations but, for now, we 
observe that Theorem |4.4| implies (in the notation of §|D: 

Theorem 5.6. Assumption \5.J\ (and hence Proposition |5. Sj and Theorem \5.4 ) 
holds in the following contexts: 



at 



(i) /C = i^(2t), T = p, M = or M = g^, U = {J n U)H\ ^ = ^ 

(ii) IC = 3,T = A,M= M^iDJ or M = G^^inJ, U = {JnU)H\ ^ = ^ 
If TT has level then we recover the result of Gel'fand ^ . 
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5.2 Explicit Whittaker functions 

Now we argue along the lines of §3. However, not only do we get a 
uniqueness statement as in [Q], but we also obtain explicit formulae in terms 
of the character of A and \E'q,. 

Let V be the underlying vector space of tt and let (tt, V) be the smooth dual 
of (vr,V). We denote by (, ) the pairing on V x V given by the evaluation. 
Let fa G V and G V be non-zero vectors such that TT{h)va = '^a{h)va 
and n{h)va = '^a{h)va, for all h E {J \~\ U)H^ . Corollary ^]5| implies that 
such vectors exist and they are unique up to scalar multiple. We rescale so 

that (fa, Va) = 1. 

Proposition 5.7. The representation vr admits a unique coefficient func- 
tion f = fa^u with the following properties: 



(i) /(I) = 1, and 

(ii) /(M/i2) = ^a(/ii/i2)/(^?), V/ii, /i2 G ( J n U)H\ Mg G G. 



Moreover, Supp / C J and 

fig) = {T^ig)va, v^) = J{g), \/ge3 
where = J^a is the Bessel function. 

Proof. For Parts (i) and (ii) we argue as in the proof of Proposition 3.2. 
If we set f{g) = {7i{g)va,Va), then / satisfies (i) and (ii); the uniqueness is 
implied by Corollary [4.5| . 

If {gVa,Va) 7^ then e\;,7i{g)va 7^ and, since Va G V^, Corollary ^3] implies 
eA{7i{g)V^) 7^ 0. Hence g intertwines A and so g G J. 



If G J then Theorem |5.4] and Lemma ^.5| imply that 

{7r{g)v^,Va) = {L{g)ip, ip) = J{g). 

□ 



Theorem 5.8. Let du he an invariant Haar measure on U , normalised so 
funJ ' 



that Jjj^j du = 1. Let T : tt — Ind^ ijja be a linear map given by 



[g ^ i)a{u){'n{u ^g)v,Va)du]. 



u 
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Then T is non-zero and G-equivariant. Moreover, SuppT(t>Q) C f/J and 
Further, SuppT(t;«) n A^^ = U{H^ HMf) and 

[i:{vc,)]{uh) = 'iiJc.{u)e{h), \/u eu, \/heH^n Mf- 

Proof. The first assertion follow directly from Proposition p.7|. Now 



Supp T{vo) nMF<^ (f/J) nMF = f/(J n Mf) = U{J n M^) n Mf, 



where the last equality follows from Corollary |4.8| . The second assertion now 
follows from Proposition ^]3|(iv). □ 

Remark 5.9. The Whittaker function T{va) above, and the hound on the 
support, can he ohtained hy integrating the matrix coefficient appearing in 
(see also [TSj] ) and this is sufficient for the purposes of /j^. However, the 
fact that we can realize the representation A via Bessel functions gives us the 
precise knowledge of SuppT(t>Q,) f\ Mf- We use this in to compute, in 
some cases, epsilon factors of pairs. 

Corollary 5.10. Let Jp he the Bessel function of p. For g G ^(21), 

J(q) = S ^(^) e 3, 

1 otherwise. 

Proof. This is implied by the uniqueness of the matrix coefficient in Propo- 
sition □ 



5.3 Multiplicative property 

Our maximal simple types are of the form (J, A), where A = k ® cr. In this 
section, we show that the Bessel function associated to the extension A of A 
to J can be split as a product of two Bessel function (see Proposition |5.13| ). 



Lemma 5.11. There exists a representation k of 3 such that k\j = k. More- 
over, given such a representation k, there exists a unique representation E 
of 3 , such that S| j = a and A = k S. 
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Proof. We may extend the action of J on k to the action of F^J, by mak- 
ing some uniformiser act trivially. By definition of k, (5.2.1), , 
(and hence J) intertwines k. Since, F^J is normal in J and the quo- 
tient 3/{F^J) = E^/F^o^ is a cyclic group, we may extend the action 
to J. 

Now suppose that we are given a representation k of J such that k\J = k. 
By the same argument as above, there exists a representation S of J such 
that S|j = a. Moreover, we may ensure that ujf^{wF)ujj]{'UJF) = ^hij^p)) 
where uj denotes the central character. Hence 

Thus A is a direct summand of 

Ind^x J K ® S = K ® E ® Indjx J 1 = k ® S ® x, 

X 

where x runs over characters of 3/F^J = E^ /F^o^. Hence, after replac- 
ing S by some S x? we may ensure that A = k (g) S. Moreover, by §6 we 
know that A = A ® x implies that x is the trivial character. Hence, such S 
is unique. □ 



Let us now fix some k as above and let S be the unique representation 



of J, given by Lemma Let (Ujipa) be as in § [4.2| . In particular, we 

require that U (1 is a maximal unipotent subgroup of 5^ and we may 
write ipa = i'ai'b, such that ipa is trivial on U H B^; ipb is a non-degenerate 
character on U (1 B^ , which descends to a non-degenerate character of a 
maximal unipotent subgroup of U(!B)/U^(*B) (see Theorem 3.3(iv)). 



Lemma 5.12. Assumption pTj\ (and hence Proposition pTSj and Theorem \5.^ ) 
holds in the following contexts: 

(i) IC = 3, T = k, M = J\ U = (Ji n U)H\ ^ = e, where e{uh) = 
ipaiu)Oih), for u e nU and h E . 

(ii) IC = 3,t = J:, M=M^r]J org<^^]J,U = {JnU)J\'^ = 1pb■ 
Proof Part (i) is just Theorem Since 3/J^ ^ R{^)/IJ\^) and acts 
trivially on S, part (ii) is given by Theorem |5]^(i) (together with Corol- 
lary [4.8|) applied in the level zero case. □ 



Theorem |5.6| and Lemma |5.12| imply that we may associate Bessel functions 
to A, fii and S, via Definition |5.2|. 
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Proposition 5.13. We have 

Mg) = JMMg), e J- 



Proof. We have A = k ® S, and = Qipb, see Lemma ^.lOI . Let and Vs 
be the underlying vector spaces of k and S, respectively. We claim that 

e^^{v iS)w) = (eef ) ® (e^,w), Vt; G Vk, Vw G Ve- (f) 

We choose non-zero vectors Vq G CqVh and G e^^Vj]. It follows from 
Theorem p.6| that dimeeV^ = 1 and from Lemma that dime^^^Vs = 1- 
Now (J n U)H^ acts on f e ® w^j^ via \EfQ and hence Theorem ^.121 implies 
that the set 

{c{ve ® w^J : c G M^J^/{J n 

is a basis of ® Vs, where c denotes a coset representative of a coset c. It 
is enough to show the claim (|f]) holds for the elements of this basis. 

If G M.<:qJ^ and e^^5'(fe ® w^J is not equal to zero then g intertwines \I/q, 
and hence, by Theorem |4.12 , we obtain that G ( J fl U)H^ . Conversely, 
if 5- G (J n U)H'' then e^^g{vis ® w^J = *a(5')^^0 ® w^^- 

If G A1(B<^"^ and {esgve) ® (e^^gw^^) ^ then g intertwines -^f, and hence, 
by Lemma [4.11| , g ^ {J r\U)J^. Moreover, intertwines B and so by Theo- 
rem geiJf] U)H\ If ^ G ( J n U)H^ then 

(eefl't^e) ® (e^^gw^^) = Q{g)iph{,g)ve ® w^^ = '^aig)ve ® w^^- 
Hence we obtain the claim (Jf]). 

Now let G' be the restriction of G to (J^ fl U)H^. According to Theo- 
rem |2]^, G' also occurs in n with multiplicity one and hence e^iv = cqv, for 
all V eVk. Hence, 

JA{g) = tiAie^^g) = trf,{ee'g) trj:{e^^g) = Jkig)J^{g)- 

□ 



6 A numerical invariant 

In this section, we will define a certain numerical invariant which appears 
in our formula for epsilon factors in §|^. We continue with the notation of 
previous sections. 
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We suppose that E = F[i3] is maximal in A and we identify V with E. 
Let 9 e C(2t,0,/3). Let = {Vi : 1 < i < d} he a maximal F-flag in E; 
let U he a. unipotent radical of AutF(£^) -stabiliser of JF; let x be a smooth, 
non-degenerate character of U, such that 

and let tpE be an additive character of E, trivial on pE, and such that 

i'Eix) = ^f{x), Va; G F. 

Definition 6.1. Choose a basis B = {xi, . . . , x^} of E over F, which satisfies 
Definition \3. l\ (i),( Hi ) and (iv) with (f/, x, V'e)- define v G £'^/(l + p£;), 

V = u{6, ipF, iPe) = XdXi'^ (mod p^;). 
Proposition 6.2. h'{9,ipF,4'E) depends only on 9, ipF andipE- 

Proof. Suppose that we have another triple U', x', B' which satisfy the con- 
ditions above. Then Proposition and the first part of the proof of The- 
orem |3]^ imply that there exists g E J such that U' = and x' = ■ 
Since E is maximal, we may write g = xh, where x G E^ and h E J^. 

Let ,^ G -E be the unique element such that ^hxi = hxd- Then {xix^^h~^^h) G 
Q n 3, where Q = {g E AutF{E); gxi = Xi}. Now, according to Corol- 
lary Q n 3 = Q n and hence the image of (xix'^^h^^^h) in 3 / = 
E^ /I + pE, is equal to 1. This implies that ^ = XdX^^ (mod Pe) and hence 
we may assume that U = U' and x = x' ■ The second part of Proposition p.2| 
implies that u does not depend on the choice of basis B. □ 

Remark 6.3. Suppose E is not necessarily maximal. Let 9 G C(2l, f3, ipp) o-nd 
let9F G C{^{E), (3, iPf) be the simple character corresponding to 9 via the cor- 
respondence of ^3.6, where 2l(£') is the hereditary OF-order in Endir(-E), 
corresponding to the lattice chain {p^ : i G Z}. Let be the F- 

basis of E given by Corollary \3.4[ , with Xi = 1. Then it follows from the 
construction in the proof of Theorem 3^3, that i'{9f, "ipF, V'e) = (mod p^;). 



6.1 Behaviour under tame lifting 

We continue with the assumption that E is maximal in A and let us further 
assume that E is totally wildly ramified. Let be a tame extension of F. 
The algebra L = K ®f E is a field, which is the compositum of E and K. 
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Let 9 G C(2t, 0,/5); then Bushnell and Henniart in define the tame lift 
of 9, which is a simple character 9^ of H]^ = H^{f3,^x), where is the 
hereditary o^-order in Endii'(L) corresponding to the 0/<-lattice chain {p-^ : 
j G Z}. We will investigate how the invariant u varies with the tame lifting. 

Let ipL and ipx be the additive characters of L and K, respectively, given by 

iPl{x) = ipEitTL/Ex), Vx G L, ipKix) = iprit'^K/Fx), MxeK. 
Since K is tame over F, ipK has conductor px; likewise, iIjl has conductor p^. 

Let [/ be a maximal unipotent subgroup of G and let JF = {V^ : 1 < i < d} 
be a maximal fiag corresponding to U . Let x be a smooth non-degenerate 
character of f/, and let B = {xi, . . . , a;;^} be an F-basis of E, with respect to 
which U is the group of unipotent upper-triangular matrices and, if m G f/ 
and (uij) G Md(F) is a matrix of u with respect to B, then 

d-l 

X{u) = 

Set ^i^- = {Vi ®p K : 1 < i < d} and let Uk be the unipotent radical of 
the Autx(-^^)-stabiliser of J^k- For u G f/x, write (uij) G M^(_ft') for the 
matrix of u with respect to {xi, . . . ,Xd}, and let • Uk be the 

character given by 

d-l 

X^{u) = ^K{^Ui,i+l)- 

i=l 

Proposition 6.4. We have 9\i/f-]m = xlunm if and only if 

Proof. By Corollary 9.13(iii), tame lifting is transitive in the field exten- 
sion: if K' is a subfield of K containing F, then 

= 9^. 

So it is enough to prove the Proposition when K/F is Galois, cyclic, and 
either unramified or totally tamely ramified, as in (12.2). Let F be the 
Galois group of K/F and fix a generator a of F. For g G Autft:(-^^), let A^^- be 
the cyclic norm map, given by N^g = gcr[g) ■ ■ ■a''~^{g), where I = [K : F]. 
Define S)p, S^]^, iip, il^ by 

We observe that the proof of (12.3) Proposition (including the results 
required from [0]§11) goes through if we replace S^p with 9)p fl iip and S^]^ 
with Sj]^ nltx- We obtain the following: 
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(i) For X G H}^ fl Uk, there exists u G Hj^ fl Uk such that yx = uxa{u) ^ 
satisfies N^y^ e nU. 

(ii) The map x induces a bijection between cr-conjugacy classes 
in H}^ n f//^ and conjugacy classes in fl U. 

Now, [g (12.6), and the fact that both 6^ and are stable under F, imply 
that 

^^(x) = e^iy,) = eiN^y,), x'^ix) = x^'iv.) = x{Ky.)- 

The above coupled with (ii) gives the Proposition. □ 

Remark 6.5. The above Proposition would follow easily from ^ Lemma 2.10, 
if the gap in its proof were fixed. 

Corollary 6.6. We have iy{9^ ^ipK,ipL) = i^id,ipF,ipE) (mod p^). 

Proof. Let {U,x) be such that 0\hiqu = xln'^nU: let B = {xi, . . . ,Xd} be 
an F-basis of E, which satisfies Definition p.l| (i),(iii) and (iv), with respect 
to U,x,'4'F and ipE- Propositions |6]^ and ^]4| imply that it is enough to show 
the following: If a G L and (aij) is the matrix of a G Endii:(L) with respect 
to B then ipL{a) = ipKio-dd)- 

Since ipi and ipK are additive, and L = K ®f E, it \s enough to prove this 
for a = c^b, where c & K and b E E. Let (bij) be a matrix of b with respect 
to B then bij G E and aij = cby. Hence, 

^xiadd) = ^Fibdd^^K/Fc) = IpEibtTK/Fc) = 1p E (tl l / E (bc)) = Iplio). 

□ 

7 Application to £:-factors of pairs 

We will use the Whittaker function constructed in Theorem p.8| to compute e- 
factor of pairs in the following situation: 

As before, let [2t, n, 0,/5] be a simple stratum in A, such that e(?B|o£;) = 1- 
Let 9 G C(2l, 0,/3)be a simple character and let k and rj be representations 
of J = J(/3, 21) and = J^(/5, 2t), as in Definition ^TT]. Let ai and a2 be 
lifts of cuspidal representations of J/J^ = U(<B)/Ui(?B) = GL^(!e) to J. 
We allow the case ai = (J2- For i = 1,2, set Aj = n ® ai and let vTj be 
a supercuspidal representation of G such that tTjIj contains Aj. According 
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to §6, there exists an irreducible representation Aj of J = J , such 
that Aj|j = Aj and 

TTj = c-Indj Ai. 



We fix some extension k of k to J, as in Lemma For z = 1, 2, let Sj be the 



unique representation of J, also given by Lemma such that Aj = Sj 
and = ai] we view Ej as a representation of ^(53) = i?^U(^) and set 

Tj = c-Ind^(sg) Sj. 

Then ti and r2 are level zero supercuspidal representations ol = GLr{E). 
Let be the hereditary order in Endi?(i?), corresponding to the lattice 

chain {p^ : i G Z}. Let Op G C(2l(-E'), n, 0, /3)be the simple character corre- 
sponding to 6 via the correspondence of §3.6. 

Theorem 7.1. Choose an additive, unitary character ipE '■ E —>■ C^, such 
that ipE is trivial on pE and tpE{x) = ippix), for all x E F . Then 

where: v = v{9fi1Pfi'4'e) ^ -^'^/(l + Pe) is the invariant defined in Defi- 
nition \6. 1\ r = dim£;(V^); tt denotes the contragredient of tt; q = qp is the 
cardinality oftp; and ( = uJr2{—lY~^ujT^^{—l)^~^. 

We remark that, although the representation ri and T2 depend on the choice 
of /3-extension k, and the choice of k, the e-factor in Theorem [7.1| does not. 
For a different choice of k would twist ti and T2 by the same tamely ramified 
character x and we have 

^inx X ^2X~^, s, ^Pe) = ein X fa, s, ^pE)■ 
In § |7.5| , we use our invariant u to recover (and generalise) certain results 



in on the behaviour of e-factors of pairs under twists by tamely ramified 
characters. 



7.1 Preparation 

Let U he a maximal unipotent subgroup of G, which is the G-stabiliser of 
the maximal flag = {Vi : 1 < i < N}, and let ipa = X'4'b be a smooth non- 
degenerate character of U, as constructed in Theorem P73| . Let C = {Li : i G 
Z} be the lattice chain in V corresponding to 21. Recall that, in Corollary |3.4| , 
we constructed an F-basis Bp = {vi, . . . ,vn} of V, with respect to which U 
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is the group of upper triangular matrices and is the 'standard' character. 
Moreover, the vectors Vj are of the form 



Vd{i-i)+j = x\ XjWi, l<i<r, 1 <j <d, 

where Be = {wi, . . . ,Wr} is an i?-basis of V such that Lq = Yll=i'^EWi, 
and {xi, . . . , Xd} is an F-basis of E, which depends on ipE (see Corollary |3.4|) . 
Further, Xi = 1. Whenever it is required of us we will identify G with GLjv(-F) 
via Bp. Let w G G be the element defined on the basis Be by 

w(fi) = Vjy^i+i, 1 <i < N. 

We also define an involution 5 : G G, by 

where is the transpose of g with respect to Be and g~^'^ = {g~^)^^ = 

We will briefly recall the definition of e-factors of pairs, using the the formu- 
lation of Jacquet, Piatetskii-Shapiro and Shalika rather than Shahidi |1TT |. 

Let Wi = >V(7r,?/^„) and >V2 = W{fc2,^J be the Whittaker models of tti 
and TT2 respectively. Let S{F^) be the set of compactly-supported, locally 
constant functions : — >• C. We denote by ei = (1, 0, . . . , 0), . . . , cat = 
(0, . . . , 0, 1) the standard basis of F^. Given Wi e Wi, W2 e W2 and $ G 
iS(F^), we define the zeta function 

Z{W,,W2,<!>,s)= [ W,{g)W2{gMeNg)\detg\'dg, 

Ju\G 

where dg is a G-equivariant measure on U\G. Note that, under our identifi- 
cation of G with GLjv(-F), via Be, the term e]\ig is the A^**^ row of the matrix 
of g with respect to Be- The integral converges absolutely for Re(s) suffi- 
ciently large, and is a rational function of g"''. This zeta function satisfies a 
functional equation, |§|(2.7): 

Z{m,W2,^,l-s) ^ ^ ZiW,,W2,^,s) 

L(7ri X vTa, 1 - s) L{7ii x 712, s) 

where, for i = 1,2, Wi{g) = Wi{wg~'^^^)] $ is the Fourier transform of $, 
given by 

$(y) = / $(x)V'F(xy^)rfx, Vy G F^ , 
Je^ 
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where dx. is normalised so that $(x) = $(— x); and L['Ki x 7r2,s) is the L- 
function. Since tti and 1^2 are supercuspidal, it is enough for our purposes to 
know that 

L(7ri X 7r2,s) = JJl(x,s), 

X 

where the product is taken over all the unramified characters x '■ — C 



X 



such that TTi = 7r2®xodet, and s) is as in Tate's thesis [Q. In particular, 
if 0"! ^ then the product is taken over an empty set and so //(tti x 7r2, s) = 1. 
If ai = (T2 then there exists x as above such that tti = tt2 ^ x ° det. In this 
case, it follows from (6.2.5) that 

L{m X fr2, s) = {l- x{^F)-''^'q-''"T\ 
where e = e(2t|oF) = e{E\F). 



7.2 Computation 

Let Wi e W(7ri,'?/^„) and W2 E W{fc2,ipa) be the Whittaker functions con- 
structed in Theorem p?8| . Then Supp Wi C [/J, Supp W2 C f/J and 

VTiM =V'„(u)j7ai((7), W2{ug)=^MJKM^ \/ueU, \/ge3. 

Set jTi = J7ai and 1/2 = JT^^' ^^"^ ^ S{F^) be the indicator function 

on the set ejyJ^. We are going to compute the zeta functions on both sides 
of the functional equation for this particular choice of Wi, W2 and $. This 
will give us Theorem |7.1| . 

For X a subset of G which is a union of right f/-cosets, we write volu{X) for 
the volume of U\X with respect to the measure du on U\G. 

Proposition 7.2. Let F : G ^ <C be the function given by 

F{g) = W,{g)W2{gmeNg). 

Then F is an indicator function on the set UH^. In particular, 

Z{Wi,W2,^,s) = Yo\u{UH^). 

Proof. We have 

Supp C [/J, Supp W2 C [/J, Supp[^ ^ $(eAr^)] = MfJ^, 
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where Aip = {g ^ G : {g — 1)V C Vat-i} is the mirabohc subgroup, as in 
Hence, 

Supp F C f/J n MpJ^ = U{3 n Mf)J^ = UM^J\ 
where the last equahty is given by Corollary [4.8| . We have 

¥{ug) = WMW2{9meNg) = JMJ2{g). e U,Wg e M^J\ 

It follows from Proposition |5.3|(ii) and (iv) that Ji{g)j2{g) = ^a{,g)^a{,g) = 
1, if (7 G ( J n U)H^, and Ji{g)j2{g) = 0, otherwise. Hence F is an indicator 
function on the set UH^ . Since is compact and U is unipotent, we obtain 
that I det g\ = 1, for all g e UH\ Hence Z{Wi, W2, s, $) = volu{UH^). □ 

We write Qp = {g E G : gvi = Vi}, as in §|[ 

Lemma 7.3. For all gi E Q , h E G and g2 E {J H M.f)J^ we have: 

^{e,{g,hg2Y-^) = ^{e,h'-^). 

Proof. Since eigj^^ = ei, we obtain ^{ei{gih)^^^) = ^{eih^^^). Since $ is 
an indicator function on the set e^r = e^iJ n M.f)J^, we have g2^ = 
hence 

^e.ihg^y-') = [ ^x)M^ig2'h-hJ))dx 

= [ [g2mx)MAh-'^J))dx = ^(ei/i^-i). 
Jf^ 

□ 

For L a lattice in F^, we write volir(L) for the volume of L with respect to 
the measure dx on . 

Lemma 7.4. Let i,j e Z; then volF(ejv^') = g^^"^)^/^ volF(e^<P^). 

Proof. Since there exists 7 G ^(2t) such that ejy = eij, and then e^^^" = 
ei7^* = ei^*"'"'''^*^'''^ it is enough to prove that 

volF(ei«P^) = g(^-^)^/WolF(ei<P^). 

Since our basis Bp splits the lattice chain we may write 
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where lij G A are the projections given by lij{vk) = SikVj, for 1 < k < N, 

and 6ik is the Kronecker delta. Hence, ei^^ = XljLi Pf^^'^^^j. According 
to (1.1.4) we have 

<pi-^' = {aeA: tljF{tTA/F{xa)) = l,Vx G ^^}, VA; e Z, 

which, since ipp has conductor pi?, imphes that 1 — Qj(fc) = Cji{l — k), for 
all e Z. Since we have chosen vi, so that Vi G Lq, vi ^ Li and the 
lattice chain is principal, we have ^^Vi = L^, for all G Z. Now, ^'^fi = 

Tl,PrS = El,P^'''''S- Hence 

(eiq3^ : ei^^) = (Li_, : Li_,), 

where the brackets denote the generalised index. Since (Lj : Lj+g) = 
and £ is principal, we have (L, : Lj+i) = g^/*^, for all i G Z, and the result 
follows. □ 



We write gai = q'^^'^, so Lemma ^!4| says that voli?(eAr^*) = * voli^(e7v^■')• 



Let w^; G U(^) be the element defined by its action on the basis Be by 

W£;(wi) = Wr-i+i, 1 <i <r. 

From our construction of the bases Be and Be, we have x^^weVi = x^^Wr = f at. 
In terms of matrices with respect to Be we can rephrase this as 

(x>s)e7 = e^. 
Lemma 7.5. Let (p : A ^ be the function 

: a ipE{{eNa)eJ) = i^FidNi), 
where (aij) is the matrix of a E A with respect to Be- Then 

(p^ax^jSN e) = "ippiciNN), Va G A. 

Hence defines an additive character on A, which is trivial on 
and non-trivial on <p™s(a;d)^ 

Lemma 7.6. Let b E B, let {bij) be the matrix of b with respect to Be, and 
define cj) : A ^ as in Lemma \7. 3{; then 



(t){b) = ipEix/bri). 
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Proof. Set a = bx^'^'wE, let (a^) be the matrix of a with respect to Bp and 
let (afj) be the matrix of a with respect to Be- According to Lemma [TTsI , we 
have 0(6) = ipp^a^j^). We have aWr+VAr.^ = af^'^^r + VN-r and, since G -E, 
we obtain a(a;^i/;r)+V)v-r = o-fri^d'^^r) +VN-r ■ Since e E, we may consider 
it as G Endi?(-E). Let (ajj) be the matrix of af^ with respect to the 
basis {xi, . . . ,Xd}- Since Vd{i-i)+j = x^'^XjiUi, for 1 < i < r and 1 < j < d, 
and in particular vn = x^d'^r, we obtain that 

avN + Vn^i = addVN + Vn-i- 

In particular, add = oattv- Recall that the basis {xi, . . .Xd} was chosen so 
that ipEi^rr) = i^rioidd), see Definition |3]2(iv). Hence, 0(6) = tpEiaf^)- 
Since € we obtain that = x'^'^ {bwE)rr = x~^^K\- □ 

To ease the notation, we set 

c = volF(e^«pi+™^("'*)). 



As in 54.1 let be a maximal unramified extension of E, such that K 



X 



normalises 21. 

Lemma 7.7. Lei h G ^(21) anc? sei j = f2t(/i) — 'W£;(3;(^''); t/ien 

r z/j>0; 
$(61/1^-1) = ) c\ det /i|0(/i-i) z/ J = 0; 

y c\ det h\ql^ if j < 0. 

Proof. Corollary implies that eArU^(2t) = QnJ^ = eAr(l + px)- Hence, 

1.(61/1^-1) = /" iPF{{^h-^)el)dx 

= ^F{{eMh'')eJ) [ ^E{{xh~')eJ)dx 

= I det /i|'0F((eAr/;,~i)e7) / '0ir(xe7)(ix. 



Lemmas |Tyj, |7.5| and the orthogonality of characters imply the Lemma. □ 
Lemma 7.8. yo\u{U6{H^)) = vo\u{UH^). 

Proof. Let /C^ = {(? G GLn{of) '■ 9 = ^ (mod p™)}. Since /Cm, for m > 1, 
form a basis of neighbourhoods of 1 in G, there exists m, such that /C^ ^ 
n S{H^). Since 5(t/) = 5(/Cm) = Km and the measure on U\G is G- 
invariant, we obtain that yo\u{U6{H^)) = volu{UH^). □ 
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Let F : G ^ C be the function given by 

We have SuppF C Supp VTi = (5(Supp W^i)w C f/(5(J)w, and 

FM((7)w) = JMJ2{gmeig''~'). ^g e3,Wue U. 

For X & we define S{x), by 

Six)= [ F(^7)|det^7r-^rf^7. 

JuS{Jx)w 

Then S{x) depends only on ve{x). For Re(— s) sufficiently large, 



Since is normal in J, Proposition |5.3| (iii), and Lemma |7]^ imply that 
F{6ih)g) = F{g), Wh e H\yg e G. 

Hence, 

= volc/(f/5(/J^))|deta;|"-^ ^ J^{hx)J2{hx)^{ei{hxy-^). 

he(jnu)m\j 



We forget the volume term, by using Lemma |7]8| and normalising the measure 
on U\G, so that vo\uiU6{H^)) = voluiUH^) = 1. 

As in § ^.1| , we put 

QE = {geB'<: gw^ = u^i}, = {Qe H V{^))\J\^), 

where Be = {wi, ...,Wr} is our E'-basis of V . Corollary implies that we 
have J = {G<sJ^)o^. Then, using Lemma [77^, we obtain: 

Lemma 7.9. 

Six) = \detxr' Yl H(^i{yxV~') Yl Ji{hyx)J2{hyx). 
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7.3 The case ai = 

Suppose that a\ = then it follows from |^ (6.2.3) that there exists an 
unramified quasi-character x : — C^, such that Ai = A2 ® x ° det, and 
hence tti = 7r2(8)X°det. Then 1/2(5') = i/i(5'^^)x(det ^f), for all 5 G J. Hence, 
for all G J, we have 

5^ Ji(/i5)^2(M = X(det(7) ^ J^{hg)J^{g-^h-^) = x{detg), 
h he{Jnu)m\g^j'^ 



where the last equalities follow from Proposition |5]^(v),(i). It follows from 
Corollary ^ that (J : G^J^) = (0^ : 1 + p^) = g^^" -1 = q<n-l. There 
exists a G C such that x{^) = I^If' all x G -F. If x G -E then Lemma [4.9| 
implies that x(detx) = qs^'^^'^^^\ Let x G -E^ and set j = ve{x) — ve{x'^'^), 
Lemmas and |7j^ imply that 

ifj >0; 

— (s— 1— a) j + a)ri)£;(xj) / -, \ .r ■ ^ ^ 

cggi^ ^ ^ ^ 1^21 - 1) if J < 0. 

where, in the sum, y runs over the cosets o^/l + px and (p is defined in 
Lemma [7. 51 It follows from 17.51 that (/) restricted to K defines an additive 



character, which is trivial on p™^^^'*)^^ and non-trivial on p^^*-^''\ Hence 

5^ 0(2/x^) = -0(0) = -L 

yeo^/l+PK 



Set Z = Z{Wi,W2,^,l — s); then, for Re(— s) sufficiently large, we obtain 
that 

z = ci^-^^'^'-'-''^ (-1 + {q^ - 1) ^ gS"'""^') 

k>l 

_ _rvE{xa){s-a) 9^'" - 1 _ _(r-^g(xrf)+l)(.-a) ^(tTi X TTa, 1 - s) 

" l-g^'-"" L(7riX7r2,s) • 

It follows from the functional equation and Proposition |7.2| that 

£(7ri X 7r2,^/'F,s) = ^^^(-l) cg^ • 

Following we observe that the symmetry in the functional equation im- 
plies that e{TTi X fri,ipF, 1/2)^ = 1. Hence, 

c = voli.(eArq3i+™^(^'')) = 
We will now prove Theorem ^[T] in the case ai = 02- 

51 



Proof. Note that Ai = A2(8>x°detA implies Si = T,2^XE°detB, where xe = 
X o '^E/F and Ne/f denotes the field norm. Moreover, Remark implies 
that fs(xrf) = ve{i^), where u = h'{9p,'ipp,iljE)- Hence, 

If we compute e(ri x f2,s,4'E) by the same recipe we obtain that 
where q<s = Qe = Qf^'' = ?2t- Hence, 

where C = cj^2(-1)^~^cj^2(-1)''"^ □ 

7.4 The case ai ^ ai 

Now let us suppose that o\ '^02- 

Lemma 7.10. Let x e . If ve{x) 7^ ve{x~^'') then S{x) = 0. 

Proof. Set j = ve{x) — ve^x^^). If j > then Lemma |7[^ gives us S{x) = 0. 
If j < then Lemma |7[^ implies that 



S'(x) = c| det xl'^g^ Ji{hx)J2{hx). 

h&{JnU)H^\J 



Recall from § |5.1| that we have the idempotent e^.^ given by 



heU"+i(2i)\(Jn(7)//i 
where g = ((J n U)H^ : U^+^^l)), and similarly e^^. Now, 

^ Ji{hx)J2{hx) = ^ trA^(xevi>^/i)tr;^2(^^*.,^) 
he(JnU)H^\J he(Jnu)m\J 



V ^^TTn+l^'or^\ r / 



/ieU"+i(2l)\J 

Since (Xi ^ o"2 we have Ai ^ A2, hence Homj(l, Ai ® A2) = 0. This implies 
that 

J2 Ai(/i)® A2(/i) =0, 
/ieU"+i(2t)\J 

and so S{x) =0. □ 
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Lemma 7.11. Let b E then 
/ie(Jin(7)Hi\ji 

Proof. According to Proposition |5.13| , we have Jk^q) = Jk{,g)JT.i{,g), for i = 
1, 2 and for all g G J. The assertion follows from the fact that acts trivially 
on Sj and Proposition p.3| (v),(i) applied to k, via Lemma ^■12| . □ 



We now prove Theorem |7.1] in the case when ai ^ (72 . 

Proof. Set Z = Z(Wi,W2,^,l - s). It follows from Lemma |7;TU| that, 



for Re(— s) sufficiently large, Z = S{x^^). Lemmas \l.9[ |4.9| and imply 
that 

ye{i+PK)\ol h&{jm)m\g^j^ 
where c = ™B(-^d) i)/2^ Lemma |7.11| implies that 

?/G(1+Pk)\0k /i6Ui(«B„)\g3S 

where U^(*Bm) = {U n U(!B))U^(<B). Now Xd e E so we can use Proposi- 
tion |5.3| (ii) and Lemma |7]B| to obtain 

Z = cgr^^^^^^E.(x/>E.(a:S) <P{hx:,)J^,{h-')Jt,{h-'). 
Lemma [7.6| implies that 

/ieUi('8,„)\U(<8) 

where hri is the rl-coefficient of the matrix of h with respect to the basis Be- 
It now follows from the functional equation and Proposition |7.2| that 6{7Ti x 

TT2,S,iPf) = t^^2(-l)^"^^. 

If we compute e(ri x f2, s, iPe) by the same recipe, we obtain that 

/ieUi(«B„)\U(2S) 

where ga3 = = g^^^ = g^i- Hence, 

where C = ^t2{~'^Y^^^it2{~'^)^^^ ■ Now cj^^ and cu^-a are trivial on 1 + and 
Remark |6.3| finishes the proof, as in the case o"i = (72 . □ 
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7.5 Twists by tamely ramified quasi-characters 

We continue in the same situation as above. Theorem [7. 1| immediately imphes 
the following: 

Corollary 7.12. Let x '■ be a tamely ramified quasi- character and 

put Xe = X° ^e/f; then 

£{t^iX X 7^"2,s,V'f) , einxE x f2,S,V£) 

where v = ^{Of, ipp, ^b) • 

In the case E is maximal, totally ramified over F and tti = tt2 we re- 
cover P§6.1 Corollaire 2, with (in the notation of p) c{tti, tti, ^/ji?) = N£;/^(z/). 
Moreover, Corollary |6.6| implies 0§7.1 Theoreme, which describes how the 
constant c{71i,tti,iPf) changes under the tame lifting operation. 
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